ABSTRACT. We show that Preissmann's theorem implies that no closed negatively curved manifold is dominated by a non-trivial product. We also show that a fiber bundle whose base and fiber are negatively curved is dominated by a product if and only if it has a finite covering space which is a trivial bundle.
INTRODUCTION
The existence of a continuous map f : M −→ N of non-zero degree between closed oriented manifolds of the same dimension n, denoted M ≥ N, defines an interesting partial order on the set of homeomorphism classes of manifolds, see for example [14, 6, 3] . This partial order is related to the representation of degree n homology classes. If M ≥ N, then any class α ∈ H n (X) representable by N is also rationally representable by M, meaning that some multiple of α is representable by M.
In dimension two, the above order coincides with the order given by the genus. Moreover, every degree two integral homology class α is representable by a connected closed oriented surface, and the minimal genus of such a representing surface is an interesting invariant g(α) of α. Note that g(α) vanishes if and only if α is in the image of the Hurewicz homomorphism. By exactness of the Hopf sequence, homology classes not representable by spheres have non-trivial images c * (α) ∈ H 2 (Bπ 1 (X)) under the classifying map c : X −→ Bπ 1 (X), and g(α) ≥ g(c * (α)) > 0.
In the recent preprint [13] , Löh discusses the rational representability of certain homology classes by product manifolds, and proves in particular that P N whenever P is a product and N is negatively curved. Her proof uses sophisticated ideas like the simplicial volume and the theory of hyperbolic groups. If P is a Kähler manifold, for example a product of Riemann surfaces as considered in [13] , then results of the type P N also follow from harmonic map techniques as pioneered by Siu, Sampson and Carlson-Toledo, see [3, 1] and the literature quoted there. For example, if N is of constant negative curvature, then every map from a Kähler manifold to N is zero in homology above degree 2. If N is any closed locally symmetric space of non-compact type that is not locally Hermitian symmetric, then no map from a Kähler manifold represents the fundamental class of N.
In his classic paper [15] , Preissmann already observed that a product manifold cannot have a negatively curved Riemannian metric as a consequence of what we now call Preissmann's theorem. It turns out that the statement P N is also a fairly elementary consequence of that theorem. We explain this below, and we also discuss some other results pertaining to the (non-)representability of homology classes by products. Our proofs use only elementary topology and Preissmann's arguments. In particular, no use is made of harmonic maps, or of the simplicial volume. Note that for two-dimensional manifolds the result P N is obvious, as it just asserts that the torus does not map with non-zero degree to a higher-genus surface. More generally, a degree two homology class α can be represented by a product if and only if c * (α) is either zero, or else is detected by an Abelian subgroup. It is this Abelian character of products that persists in higher dimensions and that leads to generalizations of Preissmann's observation.
For the formulation of our results it is convenient to use the following terminology going back to Gromov [6] , compare also [7] .
Sufficient conditions to ensure essentialness are: asphericity (obviously), non-zero simplicial volume (see [6] ), enlargeability (see [7, 8] ), or the non-vanishing of certain asymptotic invariants, like the minimal volume entropy (see [2] ). All these properties, except the last one, actually ensure rational essentialness.
As a warmup, we will prove the following easy result:
Let N be an essential manifold whose fundamental group has trivial center. Then there is no degree one map f :
We refer the reader to [11] for other results in a similar spirit. Proposition 1 applies in the case that N admits a metric of strictly negative sectional curvature, because then N is aspherical and Preissmann's theorem [15] asserts that every non-trvial Abelian subgroup of π 1 (N) is infinite cyclic. Moreover, π 1 (N) can not be cyclic itself, and so the center must be trivial; compare [15, 4] for some of the details of Preissmann's arguments that we shall use below.
The following is a generalization of Proposition 1 and of the result of Löh [13] mentioned earlier: In Section 3 we consider the case where N is a bundle whose base and fiber are negatively curved. In that situation we prove: Theorem 2. Let N be the total space of an oriented fiber bundle whose base B and fiber F are both connected closed oriented manifolds admitting Riemannian metrics of strictly negative sectional curvature. Then N admits a map of non-zero degree from some product P = X × Y if and only if N is finitely covered by a trivial bundle. This is interesting from several different points of view. First of all, Theorem 2 seems to have a similar relation to Theorem 1 as the splitting theorem for manifolds of non-positive curvature of Gromoll-Wolf [5] and Lawson-Yau [12] has to Preissmann's theorem. However, according to [10] , there are examples of surface bundles over surfaces with both fiber and base of genus ≥ 2 which do not admit any metric of non-positive sectional curvature. Thus Theorem 2 can not be deduced from the splitting results of [5, 12] . Second of all, one expects a bundle N as in Theorem 2 to have non-zero simplicial volume, but this is only known, by [9] , if the fiber F is two-dimensional. In that case N corresponds to a representation ρ : π 1 (B) −→ MCG(F ) in the mapping class group of the fiber. If N is dominated by a product, then ρ must have finite image. Third of all, no total space N is known to admit a negatively curved metric, so that there is no known intersection between Theorems 1 and 2.
PROOFS OF THE BASIC RESULTS
Proof of Proposition 1. If f : M × S 1 −→ N has degree one, then f * is surjective on π 1 , and so sends the class of the circle to the center of π 1 (N). As this center is trivial, we conclude f * ( Proof. Let ∆ i = ϕ(Γ i ) and suppose for a contradiction that both ∆ i are non-trivial. Then each of them contains an infinite cyclic subgroup
Recall that on the Riemannian universal coveringÑ , each non-trivial element of Γ fixes a unique geodesic setwise, and acts on this geodesic by translations. Let γ be the invariant geodesic for C 2 . Now every non-trivial element of ∆ 1 commutes with C 2 , and so, by the proof of Preissmann's theorem, fixes the same geodesic γ. Therefore the group generated by ∆ 1 and C 2 fixes γ and acts on γ by translations. This representation into the translation group is injective, because deck transformations can not have fixed points. Therefore the group generated by ∆ 1 and C 2 is a subgroup of the Abelian group of translations of γ, and as such must be a cyclic group C. (The action of deck transformations being properly discontinuous implies that the translation subgroup can not have a dense orbit on γ -this is why it has to be cyclic.)
Reversing the rôles of ∆ 1 and ∆ 2 , we find that ∆ 2 and C 1 also generate a cyclic group C ′ . But C and C ′ intersect non-trivially in C 2 , and so they both leave invariant the geodesic γ. As the two ∆ i generate Γ, we reach the absurd conclusion that Γ is Abelian (and even cyclic). This is the desired contradiction, compare Theorem 3.8 on page 262 of [4] .
Combining this lemma with the argument from the proof of Proposition 1, we now prove the following generalization of Theorem 1 stated in the introduction: Proof. Suppose f : P −→ N is of non-zero degree d. Then because N is rationally essential, (Bπ 1 (N) ; Q), where c : N −→ Bπ 1 (N) is the classifying map for the universal cover of N. We will lead this to a contradiction.
As f has non-zero degree, f * is surjective onto a finite index subgroup G ⊂ π 1 (N). By Lemma 1 we may assume that π 1 (Y ) is in the kernel of f * .
Then c * • f * factors through the map induced by the composition
where the map in the middle classifies the universal covering of X. (See Section 3.2 of [13] for a detailed discussion of this point.) Thus c * • f * is in fact zero in homology of degree larger than dim(X) < dim(N). This is the desired contradiction.
This statement can be compared with the main Theorems (1.4) and (1.5) of [13] . On the one hand, the assumptions of asphericity, respectively non-zero simplicial volume, made there are stronger than essentialness. On the other hand, the assumptions on the fundamental group made there are weaker. However, Theorem (1.4), stated for aspherical manifolds in [13] , can be adapted to all essential manifolds.
COMPARING FIBER BUNDLES WITH PRODUCTS
We now generalize the statement P N by replacing the negatively curved target N by a fiber bundle which has both base and fiber of negative curvature.
Proof of Theorem 2.
One direction is clear: If N is finitely covered by a trivial bundle, then it is finitely covered, and therefore dominated, by a product. We now prove the other direction.
Let π : N −→ B be the bundle projection. As the base is aspherical and the fiber is connected, we have a short exact sequence of fundamental groups:
Moreover, N is also aspherical.
Suppose f : X × Y −→ N is of non-zero degree. Then f * is surjective onto a finite index subgroup G ⊂ π 1 (N). Let Γ 1 and Γ 2 be the images of the fundamental groups of X and Y in G. They commute and they generate G.
The restriction of π * to G is surjective onto a finite index subgroup of π 1 (B). Applying Lemma 1 to the images π * (Γ i ) ⊂ π 1 (B), we see that one of them, say π * (Γ 1 ), is trivial. This means that Γ 1 ⊂ π 1 (F ). It follows that π * surjects Γ 2 onto a finite index subgroup of π 1 (B). Now we apply Lemma 1 in G ∩ π 1 (F ). This group contains Γ 1 , and if it contains some element of G \ Γ 1 , then it contains an element of Γ 2 . This contradicts Lemma 1 unless Γ 1 were trivial, which would contradict the assumption that f has non-zero degree as in the proof of Theorem 3. Thus we reach the conclusion that G ∩ π 1 (F ) = Γ 1 .
As Γ 2 does not intersect Ker(π * ) = π 1 (F ), the restriction π * |Γ 2 is injective and therefore an isomorphism onto a finite index subgroup of π 1 (B). By an abuse of notation we denote the natural map Γ 1 × Γ 2 −→ G by f * . This is surjective, and we now claim that it is an isomorphism. For if f * (a, b) is trivial, then so is π * (f * (a, b)) = (π * |Γ 2 )(b), which implies that b is trivial, so that the triviality of f * (a, b) = f * (a, e) implies that a is trivial in Γ 1 . Now replacing N by its finite coveringN with π 1 (N) = G, we see thatN is a trivial bundle overB with Γ 2 ∼ = π 1 (B) ⊂ π 1 (B), whose fiber is the coveringF of F with fundamental group Γ 1 ⊂ π 1 (F ).
We can extend Theorem 2 as follows: Using the classifying maps and the assumption of rational essentialness as in the previous section, the proof is essentially the same as that of Theorem 2.
